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Setting

Let n € Z~o, and set [n] :={1,--- , n}.
Let A = (A1,...,\/) be a partition of n, with Ay > Xy > ... >\, > 1 and
Z;:l )\i =n.

The (Young) tableau of shape A is a bijection from [n] to the set of boxes
in the Young diagram of A.
Tab(A) : the set of all Young tableaux of shape A.

Example 1.1
The following is a tableau of shape (4,2,1).

1]7]

BEE
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Setting

Definition 1.2

T € Tab(\) is a standard tableau of )\, if all columns (resp. rows) are
increasing from top to bottom (resp. from left to right).
The set of all standard tableaux of A is denoted by SYT(\).

Example 1.3

1[7] o

‘-bO\w

Then T is not standard, and T’ is standard.

57

‘O\wl—l
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Definition 1.4
Let Ty, T € Tab(A). Ty and Ty are row equivalent, Ty ~ T, if
corresponding rows of two tableaux contain the same elements.
A tabloid of A is

{1y ={T"IT~T}

where T € Tab()).

Example 1.5

then

13 1 3
{T}= :
2 || 4 2
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Definition 1.6

Let T € Tab(A) has columns Cy,. .., Ck, and set S(C;) be the set of

permutations of elements of C;. Then

C(T):=5(C) x -+ x S(Cx).

For T € Tab()), set

e(T):= > sgn(o)o{T}.

oceC(T)
Example 1.7
113 113 4 2
e( ) ={ b —{ A b+ o
412 412 1 413
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Definition 1.8
Define the K-vector space as follows.

Vi = K(e(T)| T € Tab(\))

This is called the Specht module of A.

Remark 1.9
V) is an &,-module, and we have

Vy = K(e(T)| T € SYT(\))

Classical fact 1.10

If char(K) = 0, the Specht modules V for partitions \ of n are
irreducible, and form a complete list of irreducible representations of &,,.

v
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Setting

R := K[x1, -, xp]: polynomial ring over a field K.
T € Tab()).
If the j-th column of T consists of ji, j2,...,jm in the order from top to

bottom, then

fri)== J] (n—-x)€R

1<s<t<m

(if the j-th column has only one box, then we set fr(j) = 1).
The Specht polynomial f+ of T is given by

A1
fr= H fr(j)-
j=1

25



Example 1.11
If T is the tableau

1] 7]

|-l>o-oo

then f+ = (X3 - X6)(X3 — X4)(X6 — X4)(X5 — X2).

Classical fact 1.12
As & ,-modules,
Vi = K(fr | T € Tab()))
e(T) — fT




Definition 1.13

The ideal
I .= (fr | T € Tab(A)) C R

is called the Specht ideal of .

Remark 1.14
I3P = (fr| T € SYT(N))




Setting

Theorem 1.15 (J.Watanabe-Yanagawa, 2019, Y, 2019)
IfR/ ISP is Cohen—Macaulay(CM for short), then one of the following

conditions holds.

(1) A\=(n—d,1,...,1) (=(n—d,19),

(2) A=(n—d,d),

(3) A=(d,d,1).
) =

If char(K) = 0, the converse is also true.

10/25




Example 1.16
For A = (n—3,3), then

R/IP

(n-33) 1S CM = char(K) # 2.

Theorem 1.17 (Y,2019)

R/

(np_2 2) is Gorenstein over any K.

Theorem 1.18 (S-Y,2020)

If char(K) = 0, then I(Sdlfd,l) has (d + 2)-linear resolution.

Inspired by comments of Prof. Murai, we will construct the minimal free
resolutions in these cases.

11/25



Main results

For R/I , we define the chain complex

o ra Bt Br B

of graded free R-modules as follows. Here Fp = R,
Fi = V(22 ®k R(-2),
Fi=Vin-1-i21-1) ®k R(=1—1)
for 1 <i<n-3, and Fp2 = V(1n) ®k R(—n). For T € Tab(n —2,2),

set 01(e(T)® 1) := fr € R = Fy. To describe 0; for 2 < i <n—3, we
need preparation.

12/25



Main results

a1 by a o)) Cn—3—i
T —
az by
djt+1

€ Tab(n—1—7,2,171)

13/25



Main results

For j with 1 <j < i-+1, set

ar by a o) Cn—3—i| aj
T =
a b
aj—1
dj+1
aj+1

Then we have
i+1

€ Tab(n —i,2,1772).

9i(e(T)®1) = (~1V 7 e(T)) ® x5, € Vip_inai2) Ok R(—i) = Fi_1.

j=1

14 /25



Main results

Similarly, for

and j, k with 1 <j < k < n, set

where the first column is the “t

k=

ranspose”’ of

€ Tab(2,2,1"%),

ai

an

aj—1

dj+1

©|9k—1

ak+1

an

Then

8,,_2(e( T) & 1) :

1<j<k<n

Z (—1y e Tj k) ® Xa;Xa,

€ V(272’1n—4) RK R(—n + 2) = Fn_3.

15/25



Main results

Theorem 2.1

IfchargK) = 0, the complex Fi=22) of (2.1) is a minimal free resolution

of R/ , 5

16 /25



Main results

Theorem 2.1

lfchargK) =0, the complex Fir=22 of (2.1) is a minimal free resolution
P

of R/ , 5

Example 2.2
We introduce .7-"53’2).

0— R(-5) R(=3)° — R(=2)° — R — R/}, — 0

—
— — |

16/25



Main results

_ (31 _ (21 2|1
= e & e & +e ®
(42) X1X0 (43) X1X3 (34) X1X4
5] 5] El
2711 112 112
—e ® x1x5 + € X XoX3 — € X Xo X
(35) 1X5 (43) 2X3 (34) 2X4
4 5] il
12 113 —e(L13
+e X XoX5 + € X X3X, e ® X3X
(35) X5 (2 ) ® x3xa (25) 3X5
4 5] R
1[4
+e & XX
(25) 4X5
3]
o(e([BIL]) @ 1) = e([AILI3)) @ x5 — e([BIL[4)) @ x4 + e([B[L]5)) ® x
2(e(BTE) = 1 = e([E213) 020 — e([FTT @ 0 + e BTTEY
5

17/25



Main results

Outline of proof

@ 0;_10;=0
(] ﬁ,(R/I(Snp_2’2)) = dlmK V(n_2_(,'_1)7271i—1) for i Z 2.

@ Regard F; as an &,-module as follows. For v® f € Fj = V), ® R(—J)

and o0 € G, set o(v®f) :=ov®of € F;.
Then 0; : F; — F;_1 is an &,-homomorphism. Where X is a suitable

partition of n, and j is a suitable integer.

18 /25



Main results

@ So is its restriction
[0i]; : [Filj = Va ®k [R(=))]; = VA — Vv ®k Ry = [Fi-1];,

where [=1if2<i<n-3,and/=2ifi=1,n—2.
Since V) ®k K = V) is irreducible as an &,-module and [0;]; is
nonzero, we have [9;]; is injective.

o u(Kerdj_y) = 5,J(R/I(Sn‘12’2)) = dimk V), = dimg[Im 8;]; for i > 2.

So FS"_ZZ) is exact.

19/25



Main results

For R/IEP, 1),

we define the chain complex

f.(d’d’l):0—>Fdﬁ>Fd,18d—_§'”&>F1i>Fo—>0

of graded free R-modules as follows. Here F; = R and

Fi=Vidd-it11) @k R(=d —i—1)

for 1 < i< d. As before, set d1(e(T) ® 1) := fr € R = Fy. To describe
0; for i > 2, we need preparation. For

ai

by

by_it1

by_ji2

by

az

(<]

Cd—i+1

aj42

€ Tab(d,d — i +1,17)

20 /25



Main results

For j with 1 < j < i+2, set

a by bg—it1|bd—it+2|bd—it+3 by
ap &) Cd—iv1| &

aj_l

dj+1

ai4+2

€ Tab(d,d —i+2,171)

21/25



Main results

Then we have

i+2
aie(TY®1) = > ¥ (1Y te(o(T))) @ x,

Jj=lo€eH

€ V(d,d—i+2,1f—1) QK R(—d —i) = Fi_1
for i > 3, where H is the set of permutations of {by_j12,bg—j+3,...,bq}
satisfying o(bg—i13) < 0(bg—jta) < --- < o(bg), and

3
Oa(e(T)®1) =) (~1Y "e(T)) @ x5, € Vig,q1) @k R(—d —2) = Ay
j=1

for T € Tab(d,d —1,1,1).



Theorem 2.3

If char(K) = 0, the complex ]:.(d’d’l) is a minimal free resolution of

S
R/I(d?dJ).

23 /25



Theorem 2.3

Ifchar(K) = 0, the complex f( 41) i 2 minimal free resolution of

R/Iddl)

Example 2.4
We give ]:(4 A1),
0— /?(—9)56 — :‘?(—8)189 — R(—?)216

— R(—6)%* —>R—>R/I( —0

4,4.1)

- ] — | —
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Main results

(94(e(
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Main results

82(6(%234‘)@)1) = e(é%?‘{)@xl—e(éggg)éiwg
18] 9] El
9
1[2[3[4 _ o([I[2[3]4 _
tellstetzgl) @7~ e(Ggte]) @
9 18]
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