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Setting

Let n ∈ Z>0, and set [n] := {1, · · · , n}.
Let λ = (λ1, . . . , λl) be a partition of n, with λ1 ≥ λ2 ≥ . . . ≥ λl ≥ 1 and∑l

i=1 λi = n.
The (Young) tableau of shape λ is a bijection from [n] to the set of boxes
in the Young diagram of λ.
Tab(λ) : the set of all Young tableaux of shape λ.

Example 1.1

The following is a tableau of shape (4, 2, 1).

3 5 1 7

6 2

4
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Setting

Definition 1.2

T ∈ Tab(λ) is a standard tableau of λ, if all columns (resp. rows) are
increasing from top to bottom (resp. from left to right).
The set of all standard tableaux of λ is denoted by SYT(λ).

Example 1.3

T = 3 5 1 7

6 2

4

, T ′ = 1 2 5 7

3 4

6

.

Then T is not standard, and T ′ is standard.
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Setting

Definition 1.4

Let T1,T2 ∈ Tab(λ). T1 and T2 are row equivalent, T1 ∼ T2, if
corresponding rows of two tableaux contain the same elements.
A tabloid of λ is

{T} := {T ′ |T ∼ T ′}

where T ∈ Tab(λ).

Example 1.5

T = 1 3

4 2
,

then

{T} =

 1 3

4 2
,
3 1

4 2
,
1 3

2 4
,
3 1

2 4


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Setting

Definition 1.6

Let T ∈ Tab(λ) has columns C1, . . . ,Ck , and set S(Ci ) be the set of
permutations of elements of Ci . Then

C (T ) := S(C1)× · · · × S(Ck).

For T ∈ Tab(λ), set

e(T ) :=
∑

σ∈C(T )

sgn(σ)σ{T}.

Example 1.7

e( 1 3

4 2
) = { 1 3

4 2
}− { 4 3

1 2
}− { 1 2

4 3
}+ { 4 2

1 3
}
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Setting

Definition 1.8

Define the K -vector space as follows.

Vλ := K ⟨e(T ) |T ∈ Tab(λ)⟩

This is called the Specht module of λ.

Remark 1.9

Vλ is an Sn-module, and we have

Vλ = K ⟨e(T ) |T ∈ SYT(λ)⟩

Classical fact 1.10

If char(K ) = 0, the Specht modules Vλ for partitions λ of n are
irreducible, and form a complete list of irreducible representations of Sn.
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Setting

R := K [x1, · · · , xn]: polynomial ring over a field K .
T ∈ Tab(λ).

If the j-th column of T consists of j1, j2, . . . , jm in the order from top to
bottom, then

fT (j) :=
∏

1≤s<t≤m

(xjs − xjt ) ∈ R

(if the j-th column has only one box, then we set fT (j) = 1).
The Specht polynomial fT of T is given by

fT :=

λ1∏
j=1

fT (j).
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Setting

Example 1.11

If T is the tableau
3 5 1 7

6 2

4

,

then fT = (x3 − x6)(x3 − x4)(x6 − x4)(x5 − x2).

Classical fact 1.12

As Sn-modules,

Vλ
∼= K ⟨fT | T ∈ Tab(λ)⟩

e(T ) 7−→ fT
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Setting

Definition 1.13

The ideal
I Spλ := ( fT | T ∈ Tab(λ)) ⊂ R

is called the Specht ideal of λ.

Remark 1.14

I Spλ = (fT |T ∈ SYT(λ))
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Setting

Theorem 1.15 (J.Watanabe-Yanagawa, 2019, Y, 2019)

If R/I Spλ is Cohen–Macaulay(CM for short), then one of the following
conditions holds.

(1) λ = (n − d , 1, . . . , 1) (= (n − d , 1d)),

(2) λ = (n − d , d),

(3) λ = (d , d , 1).

If char(K ) = 0, the converse is also true.
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Setting

Example 1.16

For λ = (n − 3, 3), then

R/I Sp(n−3,3) is CM ⇐⇒ char(K ) ≠ 2.

Theorem 1.17 (Y,2019)

R/I Sp(n−2,2) is Gorenstein over any K.

Theorem 1.18 (S-Y,2020)

If char(K ) = 0, then I Sp(d ,d ,1) has (d + 2)-linear resolution.

Inspired by comments of Prof. Murai, we will construct the minimal free
resolutions in these cases.
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Main results

For R/I Sp(n−2,2), we define the chain complex

F (n−2,2)
• : 0 −→ Fn−2

∂n−2−→ Fn−3
∂n−3−→ · · · ∂2−→ F1

∂1−→ F0 −→ 0 (2.1)

of graded free R-modules as follows. Here F0 = R,
F1 = V(n−2,2) ⊗K R(−2),

Fi = V(n−1−i ,2,1i−1) ⊗K R(−1− i)

for 1 ≤ i ≤ n − 3, and Fn−2 = V(1n) ⊗K R(−n). For T ∈ Tab(n − 2, 2),
set ∂1(e(T )⊗ 1) := fT ∈ R = F0. To describe ∂i for 2 ≤ i ≤ n − 3, we
need preparation.
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Main results

T =
a1 b1 c1 c2 · · · cn−3−i

a2 b2

...

ai+1

∈ Tab(n − 1− i , 2, 1i−1)
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Main results

For j with 1 ≤ j ≤ i + 1, set

Tj :=

a1 b1 c1 c2 · · · cn−3−i aj

a2 b2

...

aj−1

aj+1

...

ai+1

∈ Tab(n − i , 2, 1i−2).

Then we have

∂i (e(T )⊗ 1) :=
i+1∑
j=1

(−1)j−1e(Tj)⊗ xaj ∈ V(n−i ,2,1i−2) ⊗K R(−i) = Fi−1.
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Main results

Similarly, for

T =
a1

a2...

an

∈ Tab(1n)

and j , k with 1 ≤ j < k ≤ n, set

Tj ,k =
... aj
... ak
...

∈ Tab(2, 2, 1n−4),

where the first column is the “transpose” of

a1 a2 · · · aj−1 aj+1 · · · ak−1 ak+1 · · · an
.

Then

∂n−2(e(T )⊗ 1) :=
∑

1≤j<k≤n

(−1)j+k−1e(Tj ,k)⊗ xaj xak

∈ V(2,2,1n−4) ⊗K R(−n + 2) = Fn−3.
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Main results

Theorem 2.1

If char(K ) = 0, the complex F (n−2,2)
• of (2.1) is a minimal free resolution

of R/I Sp(n−2,2).

Example 2.2

We introduce F (3,2)
• .

0 −→ R(−5) −→ R(−3)5 −→ R(−2)5 −→ R −→ R/I Sp(3,2) −→ 0

−→ −→
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Main results

∂3(e( 1
2
3
4
5

)⊗ 1) = e( 3 1
4 2
5

)⊗ x1x2 − e( 2 1
4 3
5

)⊗ x1x3 + e( 2 1
3 4
5

)⊗ x1x4

−e( 2 1
3 5
4

)⊗ x1x5 + e( 1 2
4 3
5

)⊗ x2x3 − e( 1 2
3 4
5

)⊗ x2x4

+e( 1 2
3 5
4

)⊗ x2x5 + e( 1 3
2 4
5

)⊗ x3x4 − e( 1 3
2 5
4

)⊗ x3x5

+e( 1 4
2 5
3

)⊗ x4x5

∂2(e( 3 1
4 2
5

)⊗ 1) = e( 4 1 3
5 2

)⊗ x3 − e( 3 1 4
5 2

)⊗ x4 + e( 3 1 5
4 2

)⊗ x5
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Main results

Outline of proof

∂i−1∂i = 0

βi (R/I
Sp
(n−2,2)) = dimK V(n−2−(i−1),2,1i−1) for i ≥ 2.

Regard Fi as an Sn-module as follows. For v ⊗ f ∈ Fi = Vλ ⊗ R(−j)
and σ ∈ Sn, set σ(v ⊗ f ) := σv ⊗ σf ∈ Fi .
Then ∂i : Fi −→ Fi−1 is an Sn-homomorphism. Where λ is a suitable
partition of n, and j is a suitable integer.
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Main results

So is its restriction

[∂i ]j : [Fi ]j = Vλ ⊗K [R(−j)]j = Vλ −→ Vλ′ ⊗K Rl = [Fi−1]j ,

where l = 1 if 2 ≤ i ≤ n − 3, and l = 2 if i = 1, n − 2.
Since Vλ ⊗K K ∼= Vλ is irreducible as an Sn-module and [∂i ]j is
nonzero, we have [∂i ]j is injective.

µ(Ker ∂i−1) = βi ,j(R/I
Sp
(n−2,2)) = dimK Vλ = dimK [Im ∂i ]j for i ≥ 2.

So F (n−2,2)
• is exact.
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Main results

For R/I Sp(d ,d ,1), we define the chain complex

F (d ,d ,1)
• : 0 −→ Fd

∂d−→ Fd−1
∂d−1−→ · · · ∂2−→ F1

∂1−→ F0 −→ 0

of graded free R-modules as follows. Here F0 = R and

Fi = V(d ,d−i+1,1i ) ⊗K R(−d − i − 1)

for 1 ≤ i ≤ d . As before, set ∂1(e(T )⊗ 1) := fT ∈ R = F0. To describe
∂i for i ≥ 2, we need preparation. For

T =

a1 b2 · · · bd−i+1 bd−i+2 · · · bd

a2 c2 · · · cd−i+1

...

ai+2

∈ Tab(d , d − i + 1, 1i )
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Main results

For j with 1 ≤ j ≤ i + 2, set

Tj :=

a1 b2 · · · bd−i+1 bd−i+2 bd−i+3 · · · bd

a2 c2 · · · cd−i+1 aj

...

aj−1

aj+1

...

ai+2

∈ Tab(d , d − i + 2, 1i−1)
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Main results

Then we have

∂i (e(T )⊗ 1) =
i+2∑
j=1

∑
σ∈H

(−1)j−1e(σ(Tj))⊗ xaj

∈ V(d ,d−i+2,1i−1) ⊗K R(−d − i) = Fi−1

for i ≥ 3, where H is the set of permutations of {bd−i+2, bd−j+3, . . . , bd}
satisfying σ(bd−i+3) < σ(bd−j+4) < · · · < σ(bd), and

∂2(e(T )⊗ 1) =
3∑

j=1

(−1)j−1e(Tj)⊗ xaj ∈ V(d ,d ,1) ⊗K R(−d − 2) = F1

for T ∈ Tab(d , d − 1, 1, 1).
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Main results

Theorem 2.3

If char(K ) = 0, the complex F (d ,d ,1)
• is a minimal free resolution of

R/I Sp(d ,d ,1).

Example 2.4

We give F (4,4,1)
• .

0 −→ R(−9)56 −→ R(−8)189 −→ R(−7)216

−→ R(−6)84 −→ R −→ R/I Sp(4,4,1) −→ 0

−→ −→ −→
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Main results

∂4
(
e
(
1 2 3 4
5
6
7
8
9

)
⊗ 1

)
=

(
e
(
5 2 3 4
6 1
7
8
9

)
+ e

(
5 3 2 4
6 1
7
8
9

)
+ e

(
5 4 2 3
6 1
7
8
9

) )
⊗ x1

−
(
e
(
1 2 3 4
6 5
7
8
9

)
+ e

(
1 3 2 4
6 5
7
8
9

)
+ e

(
1 4 2 3
6 5
7
8
9

) )
⊗ x5

...

...

−( e
(
1 2 3 4
5 9
6
7
8

)
+ e

(
1 3 2 4
5 9
6
7
8

)
+ e

(
1 4 2 3
5 9
6
7
8

) )
⊗ x9

24 / 25



Main results

∂2
(
e
(
1 2 3 4
5 6 7
8
9

)
⊗ 1

)
= e

(
5 2 3 4
8 6 7 1
9

)
⊗ x1 − e

(
1 2 3 4
8 6 7 5
9

)
⊗ x5

+e
(
1 2 3 4
5 6 7 8
9

)
⊗ x8 − e

(
1 2 3 4
5 6 7 9
8

)
⊗ x9.
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