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Setting

K:a field.

S=Kl[x1,...,xa)(= K[x1,. -, Xn, Y1,---,¥n]): @ polynomial ring.
G = (V(G),E(G)): a simple graph without isolated vertices, and
V(G) = {x1,...,xn}.

I(G) := (xixj | {xi, x;} € E(G)) C S: the edge ideal of G.

G is called unmixed if /(G) is unmixed.
G is called Cohen-Macaulay(CM for short) if S//1(G) is CM.
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Example 1.1

Xi
X1 6

X2 X5

I(G) = (X1X2, X1X3, X2X3, X3X4, X4X5, X5X6)
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Theorem 1.2 (Gitler-Valencia, 2005)
Suppose G is an unmixed graph. Then 2ht1(G) > #V(G)

Definition 1.3
Suppose G is an unmixed graph. Then G is called very well-coverd if

2ht 1(G) = #V(G).
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Setting

(*) V(G)=XUY, XNY =0, where X = {x1,...,xp} is a minimal
vertex cover of G and Y = {y1,...,yn} is a maximal independent set of G
such that {x1y1,...,xnyn} C E(G).

Proposition 1.4 (Morey-Reyes-Villarreal, 2008, Crupi-Rinaldo-Terai, 2011)

Let #V(G) = 2h, and assume that the vertices of G are labeled such that
the condition (*) is satisfied. Then G is very well-coverd if and only if the
following conditions hold.
(i) If xiyj, xjzi € E(G) then xiz, € E(G) for distinct i, j and k and for
2 € {xi; yi}-
(ii) If xjy; € E(G) then xix; ¢ E(G).




Setting

(i) If xiyj, xjzi € E(G) then x;z, € E(G) for distinct /, j and k and for
2 € {xi; yi}-
(ii) If x;y; € E(G) then xix; ¢ E(G).

Example 1.5
Y1 y2 ¥3

X1 X2 X3

is very well-coverd.
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Setting

(i) If xiyj, xjzi € E(G) then x;z, € E(G) for distinct i, j and k and for
2 € {Xk, Y}
(i) If xiy; € E(G) then xix; ¢ E(G).

Example 1.6
7 ¥2 Y3

X1 X2 X3

is very well-coverd.

23



Setting

(i) If xiyj, xjzi € E(G) then x;z, € E(G) for distinct i, j and k and for
2 € {xk, yi}.
(i) If x;y; € E(G) then xix; ¢ E(G).

Example 1.7
7 y2 Y3

X1 X2 X3

is not unmixed.




Setting

(i) If xiyj, xjzi € E(G) then x;z, € E(G) for distinct /, j and k and for
2 € {xi; yi}-
(ii) If x;y; € E(G) then xix; ¢ E(G).

Example 1.8
Y1 Y2 ¥3

X1 X2 X3

is very well-coverd.
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Setting

(*) V(G)=XUY, XNY =0, where X = {xq,...,xp} is a minimal
vertex cover of G and Y = {y1,...,yn} is a maximal independent set of G
such that {x1y1,...,xnyn} C E(G).

Lemma 1.9

Let #V(G) = 2h, and assume that the vertices of G are labeled such the
condition (*) is satisfied.

If G is a CM, then there exists a suitable simultaneous change of labeling
on both {x;}"_; and {y;}"_, such that x;y; € E(G) implies i < j.
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Setting

(*) V(G)=XUY, XNY =0, where X = {xq,...,xp} is a minimal
vertex cover of G and Y = {y1,...,yn} is a maximal independent set of G
such that {x1y1,...,xnyn} C E(G).

(**) xiyj € E(G) implies i < j.

Proposition 1.10 (Crupi, Rinaldo, Terai, 2011)
Let #V(G) = 2h and assume the conditions (*) and (**).
Then the following conditions are equivalent:
@ G is Cohen-Macaulay;
Q G is unmixed;:
© The following conditions hold:
(i) If xiyj, xjzi € E(G) then xiz, € E(G) for distict i, j, k and for

Z € {xi, yi}i
(i) If x;y; € E(G) then x;xj ¢ E(G).
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Setting

(i) If xiyj, xjzi € E(G) then x;z € E(G) for distict /,j, k and for
zic € {x, yie}s
(ii) If x;y; € E(G) then xix; ¢ E(G).

Example 1.11
Y1 y2 ¥3

X1 X2 X3

is CM very well-coverd.
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Setting

(i) If xiyj, xjzi € E(G) then x;z € E(G) for distict /,j, k and for
zic € {x, yie}s
(ii) If x;y; € E(G) then xix; ¢ E(G).
Example 1.12
n Y2 y3

X1 X2 X3

is unmixed and very well-coverd, but not CM .
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Setting

Definition 1.13

Let w : E(G) — Zx be an edge weight on G and G, := (G, w) be an
edge weighted graph.

1(Gu) = ()09 | g € E(G))

Gy, is called unmixed if /(G ) is unmixed.
Gy is called CM if S/I(G, ) is CM.

Remark 1.14
VI(Gw) = 1(G)

I(Gw) is unmixed = [(G) is unmixed.
I(Gw) is CM = I(G) is CM.

But the converse is not always true.
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Example 1.15
7 y2 y3
3 2o o 1 3
2
X1 X2 X3

1(G) = (x1y1, x2¥2, X3Y3, X1Y2, X1Y3, X2)/3)

1(Gw) = (G Y3: X553, X5Y3, X2 V3 X1Y3: Xa Y3 )
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Main results

Theorem 1

Let G be a very well-covered graph with n = 2h vertices, and ht[(G) = h.

We assume the condition (*). Let w is an edge weight of G. Then G, is

unmixed if and only if the following conditions hold:

(i) If xizj € E(G) then w(x;zj) < w(xiy;) and w(x;z;) < w(x;y;) for
distinct i, j and for zj € {x;, y;}.

(i) If xiyj, xjzx € E(G) then w(xizc) < w(xjy;) and w(xizc) < w(xjzk)
for distinct i, j and k and for z € {xy,yx}, or for distinct j and i = k
and for z; = y;.

v
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Main results

Example 2.1
i Y2 y3
3 2 o/ L 3
2
X1 X2 X3

1(G) = (x1y1, X2Y2, X3y3, X1Y2, X1Y/3, X2)/3),
I(GW) = (Xf.yi37 X22y22a Xf?)/ga X12.y227 X1Y3, X22Y??)

Then /(G) and /(Gy,) are unmixed
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Main results

Example 2.2
i Y2 y3
2 3 o/ L 3
2
X1 X2 X3

1(G) = (x1y1, X2Y2, X3y3, X1Y2, X1Y/3, X2)/3),
I(GW) = (X12y127 X22y22a Xf?)/ga X12.y227 X1Y3, X22Y??)

Then /(G) is unmixed, but /(G ) is not unmixed.
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Main results

Theorem 2

Let G be a Cohen-Macaulay very well-covered graph. Let w be an edge
weight of G. Then the following conditions are equivalent:

Q@ G, is unmixed.
@ G, is Cohen-Macaulay.

Conjecture 2.3

Let G be a Cohen-Macaulay very well-covered graph. Then G, is
sequentially Cohen-Macaulay.
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Main results

Definition 2.4 (Pitones-Reyes-Toledo,2019)

Let D = (V(D), E(D)) be an oriented graph with V(D) = {x1,...,xn},
and let w: V(D) — Zo be a vertex-weighted on D and set w; = w(x;).
Then the vertex-weighted edge ideal of D is defined by

(D) = (xx;” | (xi, ) € E(D)). |

Example 2.5

x2,1 X4,2

X172 X373

(D) = (x1x0, X155, X3x3) 20,3




Main results

Conjecture 2.6 (Pitones-Reyes-Toledo,2019)

Let D be a vertex-weighted oriented graph and let G be its underlying
graph. If /(D) is unmixed and /(G) is CM, then /(D) is CM.
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Main results

Example 2.7
Let char(K) =0and S = K|[x, ..., xi1].

1(G) =(x1Xx3, X1Xa, X1X7, X1X10, XLX11, X2 X4, X2X5, X2X8, X2X10, X2X11,
X3X5, X3X6, X3X8, X3X11, X4X6, X4X9, X4X11, X5 X7, X5X9, X5X11,

X6 X3, X6X9; X7X0; X7 X105 X8X10)-
This ideal comes from the triangulation of the real projective plane.

2 2

1(D1) =(x1X3, X1Xa, X1 X7, X1X10, X1X{1 , X2 X4, X2X5 , X2Xg, X2X10, X2X11 5
2 2

X3X5, X3X6, X3X8, X3X{], X4X6, X4X0, X4X{1, X6 X7, X5X9, X5 X11,

X6 X8, X6 X9, X7X0, X7X10, X8X10)-

1(D2) =(x1x3, X1Xa, X1X7, X1X10, X1X11, X2 X4, X2X5 , X2Xg, X2X10, X2X11,

X3X5, X3X6, X3X8, X3X11, X4X6, X4X9, X4X11, X5X7, X5X9, X5X11,
X6X8, X6X9, X7 X0, X7 X10, X8X10)-
Then /(G) is CM. However, Macaulay2 computation shows that /(D) is

unmixed and it satisfies (S2) condition, but is not CM, and /(D>) is
unmixed, but does not satisfy (S2) condition.
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Main results

Example 2.8
Let char(K) =0 and S = K|[x, ..., x11].

1(Gw,) =(x1x3, X1Xa, X1 X7, X1X10, X1X11, X2 X4, X2X5, X2X8, X2X10, X2X11,
X3X5, X3X6, X3X8, X3X11, X4X6, X4X9, X4X11, X5X7, X5X9, X5X11,

2,2
X6Xg, X6X9, X7X9, X7X10, X X10)-
2.2 22 .22 22 22 22 22 22 22 22
I(Gu,) =003, X0 X4, X0 X7, X0 X105 X{ X{1, X0 X4, Xo X5, X5 X , X5 X105 X3 Xi1
22 .22 .22 22 22 22 22 22 22 22
X3 X5, X3 Xg 5 X3Xg s X3 X115 X4 X6, X4 X9, X4 X11, X5 X7, X5 X9 , X5 X11,
2.2 22 22 202
XEXG s X5 Xy X7 Xg 5 X7 Xi05 X8X10)-
Then /(G) is Cohen-Macaulay.
However, Macaulay2 computation shows that /(G,, ) is unmixed, but does
not satisfy (Sz) condition.
On the other hand, Macaulay2 computation shows that /(G,,) is unmixed
and it satisfies (S2) condition, but it is not Cohen-Macaulay.

23/23



	Setting
	Main results

