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Preliminaries

Q@ G = (V(G),E(G)) : Graph.

@ m(G) : Matching number of G.

© im(G) : Induced matching number of G. In particular, we say
G is gap-free if im(G) = 1.

© S : Independent set.

© I(G) : Edge ideal of G.

Q reg(G), dim(G), depth(G), deg(G) : Regularity, dimension,
depth, degree of h-polynomial of R/I(G).
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Preliminaries

Cameron-Walker graph

A finite connected simple graph G is Cameron—-Walker if
im(G) = m(G) and if G is neither a star graph nor a star triangle.
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Figure of Cameron-Walker graph
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Known results

[Ha and Van Tuyl(2008)], [Katzman(2006)]
For any graph G, following holds:

im(G) < reg(G) < m(G).

[Trung(2020)]

Let G be a graph. Then, reg(G) = m(G) if and only if each
connected component of G is either a pentagon or a
Cameron-Walker graph or a star graph or a star triangle.
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[W. V. Vasconcelos(1998)]
Let G be a graph. Then

deg(G) —reg(G) < dim(G) — depth(G) - - - (¥).

The equality holds if and only if 3, ,+-(R/I(G)) # 0. In particular, if
R/I(G) is Cohen-Macaulay, then deg(G) = reg(G).

[Hibi, Matsuda, Van Tyul(2019)]

Let G be a graph on n vertices. Then

deg(G) + reg(G) < n.
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Problem

Problem (#)
For fixed n, determine
G(n) = {(h,r,d,e) e N* : 3G s.t.
|V(G)| = n,deg(G) = h,reg(G) = r,dim(G) = d, depth(G) = e}.
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Main result 1

HKKMVT2020
Forn > 3, let

C~(n) := {(a,b) a<hl<a< EJl SbSn—2}QN2
and

C*(n):={(a,b)|1<a<b<n-1} CN%
Forall n > 3, C™(n) € Graphyepp gim (1) S C*(n).
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Main result 1

For all n > 2, we have Graph e, gim () € Graphgep gim( + 1).

Let a, b be integers with 1 < a < b. Then
(a,b) € Graphye, gim(a + b).

Let1 <a <bandn > 2 beintegers. Assume thatb <n — 1. If
a< b+1- "L-l, then (a, b) € Graphdepth’dim(n).

n—

Let n > 6 be an integer. If [g] +1<b<n-2,then

b+1_{nfb}2{gJ

holds.
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Main result 2

HKKMVT2020
Let n > 5 be an integer. Then

(i) Ifnis even, then

CWdepth,reg,dim,deg h (n)

-1
{(a,d,d,d)eN4 3Sasds{n2 J,n<a+2d}

U {@addeN*|3<a<d<n-an<la+d-1|
3<a<r<d<n-r
4 = )
U erdd) el n+2<a+r+d }

U {2,2,n-2,n-2),(2,2,n-3,n-3)}.
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(if) If nis odd, then

CWdepth,reg,dim,deg h (n)

_1
{(a,d,d,d)eN“ 3Sasdsvz J,n<a+2d}

U {(a,a,d,d)€N4|3Sa<d$n—a,n§2a+d—1}
3<a<r<d<n-r
4 = 3
Y {(a,r,d,d)eN n+2<a+r+d }

U {2,2,n-2,n-2),(2,2,n—-3,n-3)}

etet)
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[Hibi, Kimura, Matsuda, Tsuchiya(2019)]
For any Cameron-Walker graph,

14
si+ 3 maxisy 1)

=1

deg(G) = dim(G) =

m
i=1

And
P
reg(G) = m+ Z t.
i=1

For any Cameron-Walker graph, The equality (*) holds if and only if

m )4
Zs,-+n22tj+m.

i=1 =1
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[Hibi, Kimura, Matsuda, Tsuchiya(2019)]

There is no Cameron-Walker graph G on n vertices with
depth(R/I(G)) = 1.

[HKKMVT2020]

Assume that n > 5 is even (resp. odd). Then (2,b) € CWepth,dim(1)
ifandonlyifb=n—-3orb=n—-2(resp.b=n—-30orb=n-2or

b="21).

| \
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Let G be a Cameron-Walker graph with notation Then

depth(G) = min {f(V)},
VvVt
where (V)= 3 si+m=IVI+ Y t;+|{j: Noy,owj) V]|
v;,eV NGbip(wj)(ZV
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[HKKMVT(2020)]

Let G be a Cameron-Walker graph with notation as in Figure ??.
Then

(i) the inequality

)4
m+1{j: t;> O}l < depth(R/I(G)) < ) tj + m = reg(R/I(G))
j=1

holds. Moreover, if the bipartite part of G is the complete
bipartite graph, then

m p
depth(R/I(G)) = min {Z Si+ P, Z £+ m} .
1 j=1

i=

(i) 2 < depth(R/1(G)) < | Q. 16 /19
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(iii) depth(R/I1(G)) + dim R/I(G) < |V(G)|.
(iv) |V(G)| < depth(R/I(G)) + 2dim R/I(G).

v) |V(G)| = 2m + 3p and dim R/I(G) = depth(R/I(G)) = m + p if
R/I(G) is Cohen-Macaulay.

Let G be a Cameron-Walker graph. Then
(@) |[V(G)| + 1 < depth(G) + reg(G) + dim(G).
(ii) Assume that depth(G) < reg(G). If
[V(G)| + 1 = depth(G) + reg(G) + dim(G), then reg(G) = dim(G).
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